Acoustic damping of a cylindrical chamber with open and closed ends is analytically and numerically investigated. In the analysis, based on the analytic solution of resonant acoustic modes inside cylinder, the damping from the open end is calculated by a simple acoustic source modeling for velocity fluctuation. The effect of viscosity is also considered as an attenuation mechanism. Acoustic damping calculated for first longitudinal and tangential modes are in good agreement with that obtained by numerical simulation. When a longitudinal mode exists, the directivity of radiation becomes like monopole and the damping is large. On the other hand, when a tangential mode exists, it is found that the dipole like directivity is obtained and the damping is small compared to that for the longitudinal mode. A configuration of the chamber and an injector installed off-centered is also investigated. Under non-resonant condition between injector and chamber acoustics, it is found that the acoustic radiation from the open end of the injector is negligible but the viscous effect becomes important. Finally we investigate the acoustic damping with hot gas injection numerically and semi-analytically. The obtained mode is found to be a spinning tangential mode due to the asymmetry of the mean flow field. The radiated wave has also a spinning feature and the damping is found to be much larger than that for symmetric dipole like radiation under uniform condition. The simple acoustic radiation modeling applied for the analysis also works well for this general non-uniform mean flow condition. 
I. Introduction
ombustion instability is an unsolved problem of rocket engine development. Above all the high frequency acoustic instability tends to be observed at the early stage of development of combustion chamber 1 . Since the high frequency instability sometimes induces melting of the metal wall and would cause loss of combustor, the causing of the instability is difficult to be resolved. In addition, the costs for actual firing test is extremely expensive and once the failure is found after the development, the improvement usually needs several years or more. Therefore, the prior estimation of the stability margin of the combustion instability is required for efficient development of rocket engine.
C
The main source of the pressure fluctuation is known to be unsteady heat release in the combustion chamber 2 . Through the volume fluctuation by heated gases, it induces the pressure fluctuation as monopole sources. It was shown by Rayleigh 3 that in confined volume like combustor, the pressure fluctuation reflects at wall, and then the feedback loop of the pressure and heat release fluctuation would occur. This is recognized as a major gain factor of the instability. On the other hand the loss factor of the pressure fluctuation has not been recognized as the gain factor does. However, some of the recent studies cover the loss factor together with the gain mechanism [4] [5] [6] [7] . From a point of view of total balance of gain and loss factors, it is indispensable to obtain the unsteady heat release to simulate the interaction between flame and acoustics. However, it is quite difficult to estimate quantitatively the heat release rate of the turbulent diffusion flame by experiment or numerical approach. This is one of the difficulties for understanding high frequency instability of rocket engine. On the other hand, the acoustic loss can be obtained independently from the combustion in some cases. Based on this ground, recent studies by Searby et. al. 8 and Oschwald et. al. 9 and other studies [10] [11] focused on the acoustic damping of the chamber (loss factor). In this study, we investigate the acoustic damping of a cylindrical combustor that has closed and open ends, with or without one injector. When an open end exists, the main attenuation mechanism is the acoustic radiation from the open end. Firstly general expression for acoustic damping of resonant mode is derived under quiescent atmospheric condition. We adopted a simple acoustic radiation modeling for velocity fluctuation. Analytical expression is valuable to understand the fundamental mechanism of the phenomena with parameter dependence, and also gives us the good prospect for further complicated study.
After brief explanation of the combustor configuration in section II, we derive the analytical expression for acoustic damping in section III. Then the damping coefficients are estimated quantitatively for some configurations and modes. Finally the obtained results are compared with numerical simulations in section IV. Figure 1 shows the schematic of whole injector and combustor configuration. It consists of a cylindrical combustor with open end and cylindrical injector installed off-centered at closed side of the combustor. The offcentered configuration is intended to enhance the tangential combustion instability by coupling flame and tangential pressure mode which has pressure node on the axis of the combustor. In addition, the open end of the combustor is adopted. It makes the visualization and entire operation easy because of the atmospheric chamber pressure. In this study, the injector is replaced by just a cylindrical tube because it can model the acoustics of the injector. 
II. Injector and combustor configuration

III. Derivation of the acoustic damping
Conservation law for the acoustic energy in volume V is written as follows 2 :
( Institute of Aeronautics and Astronautics   092407   3 where q & is heat release rate, p c is specific heat under constant pressure, T is temperature and variables with prime mean the deviation from the average value. In this expression, only the major terms are written. It says that the time derivative of acoustic energy (left-hand side of Eq. (1)) is decided by the summation of Rayleigh term (first term of right-hand side) and acoustic flux from the surface (second term of right-hand side). According to this conservation law, the acoustic flux usually acts as a loss factor, which is the main term of this study to estimate.
The usual boundary condition for resonant mode at open end is that the pressure fluctuation is zero. Therefore the acoustic flux becomes zero. However, in reality, the velocity fluctuation at the open end becomes a new source of pressure fluctuation and the acoustic energy is radiated 12 . We adopted this modeling for estimating the damping. For the uniform averaged flow and spinning acoustic modes, a strict theory for radiated wave from open tube is known [13] [14] . However, even the simple method among them needs to estimate the Cauchy principal value for the radiation directivity 14 . This is not practical to obtain the damping which needs to perform the surface integration of whole radiated waves. On the other hand, the method adopted here can be applied to the general non-uniform averaged flow and in some uniform averaged flow condition, gives us the results with explicit parameter dependence and therefore, physical insight. Based on this consideration, we firstly derive the radiated wave from the velocity fluctuation as a source, and then the damping is estimated.
A body with changing its volume V emits the sound wave. The potential of radiated wave at far fields is written in general form as follows 12 : 
Since the damping coefficient for pressure fluctuation is a half of that for acoustic energy ( 2 / α ), it is found that the pressure amplitude greatly attenuates for 90% during one period (1/173[sec]).
B. Combustor in first tangential mode
In this subsection, we estimate the damping of first tangential mode (1T). In this case, the source of pressure Fig. 2 (a) ), the velocity potential for radiated wave is written at far field as, 
. At π θ = , the pressure fluctuation becomes zero, which is the feature of the dipole radiation. In addition, since the magnitude of the radiation is kr times as large as the monopole radiation, the dipole radiates less energy than the monopole does. Note that the dependence of damping on other parameters can also be derived as the monopole radiation as follows;
The method shown here is easily extended to the general case. For example, the radiated wave for second tangential mode would behave like quadrupole source.
Next, the actual 1T radiation is estimated by using the expression u 0 ′ | ) (r P in Eq. (13) . Using the values in Table. 1, we have the resonant frequency of 1T mode as 1030 [Hz] . After conducting the surface integration by Eq. (8), we obtained directivity for intensity of radiated wave shown in Fig. 3 . It has dipole directivity on θ as already shown for simple case. Dependence on φ shows that the directivity has periodicity of π , corresponding to the symmetry of the source of velocity fluctuation (Eq. (13)). The total intensity of radiated energy per unit time is obtained after time averaging and surface integration of Eq. (9) over the surface of sphere with large radius r and found as 6.24 [1/sec]. We also estimated the viscous damping for 1T mode as for longitudinal mode. Using the values in Table. 
The damping by the radiation in 1T resonant mode is much smaller than that in 0L mode. Therefore the viscous damping effect becomes relatively important for tangential mode. The pressure amplitude attenuates for 99.6% during one period, which is very slight compared to that for 0L mode. This is because the directivity of radiation changes from monopole (0L) to dipole (1T) radiations as explained earlier. 
C. Combustor and injector configuration
In order to know the actual damping with combustion hot gas, which generates the non-uniform distribution of sound speed and density etc., numerical method is required. Therefore we show here another simple case where the estimation can be obtained analytically. That is the effect of adding an injector in uniform quiescent air condition is investigated to find out the order of magnitude for radiated wave from the open inlet of the injector upstream. ). Therefore, the damping coefficient for the injector and combustor configuration studied here is the same as that estimated in III.B. In the next section, the numerical simulation is conducted with slip wall condition inside the injector for numerical simplicity. Therefore it is this result that should be compared with the numerical result shown below. The viscous contribution is also estimated for reference. It is known that inside a long and slender tube, the viscous effect becomes relatively large. We estimate the viscous damping as in III. 
IV. Numerical simulation of acoustic damping
In this section, the damping coefficient is estimated numerically. We conducted the simulation by a computational aeroacoustic tool named CAA++ combined with CFD++ (Ver. 8.1.1); these are the commercial software produced by Metacomp Technologies Inc. Among the tools of CAA++, we used an acoustic solver named NLAS for estimation. This tool can treat non-linearity of the disturbance [15] [16] , however, we use it only in the linear acoustic problem here.
Firstly the grid study is conducted. The numerical loss is investigated for the cylindrical combustor with two closed ends whose wall is slip and adiabatic. We give the forcing with the frequency corresponding to lowest longitudinal mode. After switching off the forcing, the damping is measured. In this case, the damping becomes ideally zero. The obtained result is 0.04% loss in pressure amplitude during one period, which corresponds to
. This is small enough to be able to investigate the acoustic damping that we obtained in section III. The small numerical damping and the good agreement with the analysis shown below confirms the validity of the numerical settings adopted here. Therefore we use this grid. The total cell number is about 1.3 million. The grid inside chamber is distributed typically as (r, θ, x) = (50×100×100). 
A. Combustor in first longitudinal mode
We investigate the chamber with closed and open ends in 0L mode. The time history of the pressure just downstream of the closed end and the whole pressure field are presented in Fig. 4 . The forcing is given by oscillating the closed end at the frequency of 0L, and then the decay is investigated. The wall condition is non-slip and adiabatic. As is shown in Fig. 4 (b) , the radiated wave has monopole like directivity. From the Fig. 4 (a) (3)), the agreement is very good. The mechanism of attenuation is well captured by the velocity fluctuation on the open end.
B. Combustor in first tangential mode
Next, the first tangential mode is simulated. The same procedure is taken as that for 0L mode. The time history of the pressure just downstream of the closed end (indicated as solid circle in Fig. 5 (b) ) and the whole pressure field are presented in Fig. 5 . The obtained frequency, 1030 [Hz] agrees with the estimated one. From the Fig. 5 (a) , the acoustic pressure amplitude decays for 99.6% during one period on average, which corresponds to . On the other hand, the theoretical estimation was
, which is in good agreement with the numerical result. As is shown in Fig. 6 , the radiated wave has dipole directivity plotted in narrow pressure range. This shows clearly the feature of the dipole directivity (for example
). It is well known that the intensity of energy emitted by higher order sources is much smaller than that by the lower order sources. In conclusion, we found that the loss for 1T mode is much smaller than that for 0L mode if we compare them in one period.
C. Combustor and injector configuration
We show the result for injector and combustor configuration here. The forcing of 1T mode of the combustor is given and then the decay is observed. Figure 7 shows the instantaneous acoustic pressure inside the injector and whole pressure field. The wall condition inside the injector is slip as explained earlier. The result is the pressure amplitude decays for 99.5% during one period corresponding to = cfd inj T α . Since the difference of the damping coefficients is slight compared with that for the configuration of combustor alone in 1T mode ( ), the theoretical estimation still holds true. In Fig. 7 (a) , the analytical result used for injector acoustics is also shown with numerical one. The agreement is reasonable, which validates the assumption used to obtain the pressure field inside injector. Based on the comparison between analysis and numerical simulation, the characteristic of the radiated wave is clarified and the accuracy of numerical simulation is confirmed. Finally, we show a result modeling the actual situation for combustion flow. Upstream of the injector inlet, plenum condition for static temperature and pressure is applied; 3000[K] and 0.101 [MPa] respectively. First we obtain the steady solution, and then the natural mode is investigated by adding the white noise source. The obtained frequency for asymmetrical first tangential mode is 1430 [Hz] , which can be roughly estimated by the formula for pure 1T mode with higher average sound speed (500[m/sec]). After forcing with this frequency, we observed the decay of acoustic pressure. The time history of the pressure just downstream of the closed end (indicated as solid circle in Fig. 8 (b) ) and the whole pressure field are presented in Fig. 8 . From Fig. 8 (a) 
In this case, it is found that the spinning first tangential mode is generated (Fig. 9) . The period of rotation is coincident with the theoretical value which is the same as the standing 1T mode. Since the forcing given is symmetric, the spinning mode would be generated by the asymmetry of the mean flow.
Next, we estimate this damping by the modeling of acoustic velocity source. The difference between the standing and spinning tangential modes are the dependence of 1 θ and t as follows: 19) is not obtained by the numerical simulation with non-slip wall condition. However if we see the result of the standing tangential mode, the viscous effect is over the 20% of the damping by radiation. Second reason is the effect of the averaged velocity. One way of estimating this effect is based on the following generalized acoustic energy 17 :
The modeling of the velocity fluctuation used here is valid as long as the third term of the right-hand side is negligible. However, the simulated results show the third term is about 15% of the sum of the first and second terms. Other reasons are the difficulty of extracting the acoustic variables from the CFD results 7 and also the asymmetry of the acoustic variables for the analytical estimation. Although the numerical approach is the only way to quantitatively estimate damping under a general condition, the analytical approach helps us to understand the important characteristics of the phenomena. Finally the obtained damping coefficients are summarized in table 2.
If we consider the actual impact on development, it is difficult to decide that the damping should be measured in the same time interval or same number of time periods. This could only be clarified by taking into account the gain factor, i.e. the interaction of acoustic and flame, which would finally induce melting of combustor or destructive failure. However it is found that when the injector is installed off-centered to enhance the oscillatory combustion, the unexpected damping by radiation would occur for open end combustor, which sometimes becomes a large loss factor. Therefore, it should be noted again that the estimation of the total balance of gain and loss of acoustic energy (Eqn. (1)) is crucial for understanding the combustion instability. 
V. Summary and Discussion
Acoustic damping for a cylindrical chamber with open and closed ends is analytically and numerically investigated. It is found that the pure tangential mode has small damping coefficient compared to the longitudinal mode. The magnitude of damping depends on the directivity of the radiated wave from the open end of combustor; the dipole like source of tangential mode radiates less acoustic energy than the monopole like source of longitudinal mode. In addition, the tangential mode with hot gas injection is also investigated. The damping is found to be much larger than that for symmetric dipole like radiation in uniform condition. This is due mainly to the fact that the mode is changed from standing to spinning. A simple acoustic radiation modeling for velocity fluctuation applied in this study gives the analytical results with explicit parameter dependence for uniform flow conditions. Also it works well for a general non-uniform mean flow condition combined with the simulation results.
For an actual estimation for damping with combustion, the combustion simulation is necessary. However, the required accuracy for acoustic simulation is found to be very small for some cases, which gives a guideline of numerical settings that should be used. In addition, in the actual combustor, since the pressure fluctuation can become large enough to violate the linear assumption of acoustics, the method to treat the non-linearity is inevitable for further estimation.
